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The modelization of forests is a very busy area of re-
search. lt is in great demand from managers, but the mo-
dels available for describing the dynamics are stil l un-
satisfactory. Compartmental models seem to hold some 
promise. BRUMER & M OSER (1973) , LOWELL & M ITCHELL 
(1987), BUONGIORNO & Lu (1990), and MICHIE & BUON-
GIORNO (1984) have obtained find ings which con be di-
rectly applied to natural forest studies . Nevertheless, the 
theory is still not sufficiently developed to guarantee that 
the forecasts obtained will be reliable. As a result, au-
thentication of findings over the medium and long term 
is a tricky problem, and a burdensome one, too, becau-
se it colis for the gathering of measurement data over 
long periods, with large sample sizes. 

Another problem involves the concept of stand stabil ity 
and the modelization thereof. Several authors have 
dealt with the study of this set of problems. Thus, for a 
given transition matrix, USHER ( 1969) worked out the 
stable stand structure, and BUONGIORNO & M ICHIE 
( 1980) add a regulation to the model by considering re-
cruitment as a function of the basal area, obta ining a 
more or less long-term stand stability based on a fixed 
transition matrix. We give a solution to the inverse pro-
blem by calculating the transition matrix guaranteeing 
the stability of the numbers of trees in each diameter 
class, when these numbers are known . 

COMPARTMENTAL MODELS 
Compartmental models for describing growth have 
been used by LESLIE ( 1945) and adapted to the problem 
of the g rowth of trees in forests by USHER ( 1 969). With 
these models it is possible to describe stand evolution by 
diameter class, using M ARKOV processes. Let the stand 
distribution be defined as the numbers of trees in each 
diameter class, it is then possible to obtain the stand dis-

tribution at time t + T, by knowing the stand distribution 
at time t (in practice, the unit of time is the year) . 

NOTATIONS 
For a given stand, the trees are grouped in k diameter 
classes defined by bounds ai : 

0::S: a0 <a1 < ... <ak = oo 

Let nit denote the number of trees in the class [a _1, a;[ 
subsequently called class i, in year t, i equal 1 to k. The 
stand distribution is characterized by the column vector 
Nt, 

N't = (n 111···1 nktl 

The dynamic of the system is described by : 

• the matrix P1 of dimensions (k,k) containing the pro-
babilities Pi (t) that a tree in class i in year t ends up in 
class j in ye1ar t + 1, knowing a priori that it has rema i-
ned olive over th is period . Under this condition, we 
clearly have : 

L pij = 1 
1 

• the diagonal matrix 51 conta ining the survival proba-
bilities, in other words the probabil ities sit that a tree in 
class i in year t is still olive in year t + 1 ; 

• lastly, the column matrix R1+ 1 of recruitments contai-
ning the numbers of trees rit+ 1 which are added to the 
stand in class i between years t and t + 1 . 

The general model is described by the formu la : 

(1) 

ADDITIONAL OBSERVATIONS 
AND HYPOTHESES 

The choice of the bounds ai conditions the structu re of the 
matrices P1 and Rr T o simplify the presentation of our 
study, we shall asume that the bounds ai are such that : 
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V ij, Pq(t) = 0 si j - i =t- 0 ou 1 
V i, rit= 0 si i =t- 1 

ln this article reference is made to experiments for which 
the growth rate of the stands being studied is such that 
these conditions are verified. Model (1) con then be ex-
pressed in the form of a k equations system : 

nlt+l = P11(t) s1n1t + rlt+l 

n2t+l = (1 :- P1 i(t)) slnlt + P22(t) s2n2t (2) 
nkt+ 1 = ( 1 .:... Pk-1 k-i(t)) sk-1 nk-1 t + Pkdt) sknkr 

lt is evident that Pkdt) equals one, because it is not pos-
sible Io leave the last class [ak_1, oo[ except in the event 
of mortality (skt < 1) . 

lnsofar as one studies more specifically the conditions at-
taching to a situation of stability, in other words a situa-
tion which is developing either not al all or only slightly 
with lime, il is acceptable Io assume that the matrices Pt 
and St are independent of lime. This is what we shall sub-
sequently do, and these matrices should be noted P and 
S. 
This model is generally used to forecast fores! behaviour 
in a more or less long-term deterministic way. The tran-
sition matrix P con be estimated by the maximum likeli-
hood estimators given by ANDERSON & GOODMAN 
(1957), if the measurementof each tree in limes t and t + 
1 is known, and by LEE et al. ( 1968), if only the fre-
quency distributions Nt and Nt+ 1 are available. ln the 
case where the measurements on each tree are known, 
the maximum likelihood estimator of Pi is ni (t)/ni(t), 
where nï(t) is the number of trees moving trom diameter 
class i to1diameter class j in lime t and ni(t) is the number 
of trees in diameter class i surviving the period t. 

The model described in ( 1) differs from that used by 
USHER (1969) by the fact that the recruitment is inde-
pendent of the stand distribution . 

STUDY OF THE MODEL 
There may be different attitudes towards the equations 
(2), depending on the nature of the observations made. 
For example : 

D Nt+ 1, Nt and Rt+ 1 are given and one tries Io evaluate 
the Pii and the si, that is, the probabilities which descri-
be the dynamics of the system. We are in the presence 
of a non-linear system with 2 k - 1 unknowns and k 
equations, and there is no chance of obtaining interes-
ting solutions except by introducing additional 
constraints . 

D Nt+ 1, Nt, Rt+ 1 and S are given and one tries to eva-
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luate the Piï This latter case presupposes that one knows 
the probabilities ( 1 - si) of mortality. This type of situa-
tion is not unrealistic for a forester who relies on a sound 
observation of recent blowdowns and the standing mor-
tality of trees in the stand. One obtains a linear system 
with k-1 unknowns and k equations (Pkk = 1), which only 
admits a single solution insofar as the equations are not 
independent, which implies a certain coherence in the 
data Nt+ 1, Nt, Rt+ 1 and S expressed by the equation : 

k 
r1 = Lni(l -s;) 

i = 1 

which in turn implies that the recruitment is equal to the 
overall mortality. 

STABILITY 
The concept of stability is of immediate concern in un-
disturbed forests, whose floristic and diametric structures 
only develop very slightly with regard Io the lime scale, 
which is that of the observer. ln using the previous 
model, the stability may be expressed in different ways, 
depending on the degree of restriction that is deemed 
pertinent Io introduce. ln this study, we talk in terms of 
complete stability if the stand distribution is retained bet-
ween years t and t + 1, N + 1 = Nt' and if recruitment is 
constant. ln reference Io the model, the stability is ex-
pressed by the constraint, 

N = P'SN + R (3) 

Let us consider the case where the stand distribution and 
the mortality rate are known. There is a single solution in 
P and r 1 Io the system of equations (3) : 

Pii = 

k 
r1 = Lni(l - s;) 

i = 1 
i i-1 

Ln - r1 - L sn 
i = 1 1 i = 1 1 1 

(4) 

This solution is obtained by direct substitution in the system 
of equations (2) and is only valid if sini > 0 for each i. 

OBSERVATIONS 
D The solution given in (4) always exists and il is the 
only one for strictly positive numbers of trees. 

• 



• 
D The elements of matrix P may be negative but never 
greater thon 1 . For an element Pii to be negative, a ne-
cessary condition is : 

k 
n. < L,n.(1 - s), 

1 •• 1 1 
1= 1 

which means that there are fewer survivors in class i thon 
dead trees in the classes above. ln the case of a constant 
mortality rate, s = si, for i equal 1 to k, we thus have a 
constraint on s : 

\fi, s > 

and thus on r : 

\fi, r < 

k 
L,ni 

i = i+ 1 

k 
LPi 
1= 1 

(in particular, r < n0, where n0 = Iini) . 

D The transition matrix is interpreted as the growth by 
diameter classes necessary Io guarantee the stability of 
the system. Solution (1) is first and foremost a function of 
growth calculated Io guarantee the stability of a Forest 
system. Growth by diameter classes may be described 
as the number of stems which progress from class i to 
class i + 1 between limes t and t + 1, i.e. si(l - Pii), or 
as the average growth in diameters oftrees in class i, i.e. 

An approximation of this average growth is obtai-
ned by considering a uniform distribution of the ni trees 
in class i: si(l - Pii) (ai - ai-) . This approxima-
tion, which is rough but simple to calculate, may be refi-
ned by using a spline function Io smooth the stand dis-
tribution. The calculations are more complicated but a 
more realistic approximation is obtained. 

D Solution (4) is deterministic. lt is associated with a fre-
quency vector N and with a mortality rate S. Each pair 
(N, S) is associated with a transition matrix P and a re-
cruitment r1• From this standpoint, the aim is not to de-
termine a stable state, but rather the growth function to 
preserve the state (N, S). The more accurate the stand 
distribution and mortality rate, the more reliable the ma-
trix of transition probabilities. 

THE EFFECT OF ERROR ON THE MORT AUTY RA TE 
The mortality rate is generally only available in the form 
of a more or less sound estimation. Let us suppose that 
the mortality rate that we observe E = l - s is constant. 
ln practice, a value of around 1 % is usually observed in 
tropical moisi Forest. The recruitment is directly propor-
tionate Io E, because r1 = n E. Where transition proba-
bilities are concerned, the Îollowing approximation is 
obtained : 

i -1 
ni + (1 - s) L, ni - r 

i = l 
P;; =-------

(1 + E 

k 
-E L,ni + n; 

i = i 

k 
L, ni 

2 j=i+ l + E + .. . ) = 1 - E --
n; 

giving a linear equation between the P;i and the morta-
lity rate. Th is almost linear equation recurs in the growth 
rate, because : 

EXAMPLE 
The Paracou arrangement in French Guiana is used as 
an example of the procedure. A stand which has not 
been logged, and which has been measured over 8 
years between 1985 and 1992, is used. The 
table p. 31 gives the frequencies n; for a division of the 
stand into 9 diameter classes, the Pi; values being esti-
mated by formula (4) fors= 0.99 and 0.98, and the va-
lues of Pï being estimated by the method of maximum li-
kelihood (MML), taking the evolution of N1 over 8 years 
into account. We should add that the mortality rate ob-
served over these 8 years and for ail the diameter 
classes is around 0.015. The figure p. 31 shows the 
graph of probabilities, making il easier Io make a com-
parison with the transition probabilities. 

We note that the transition probabilities calculated to 
guarantee stability are very close to the probabi lities ca l-
culated by the MML. The most significant differences are 
obtained in the last two diameter classes, which is ex-
plained by the low frequencies of the extreme classes 
which lead to rough estimations by the MML (standard 
error of around 0.004), but th is may also be the sign of 
a greater instability in associated stands (large tree 
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blowdowns). Furthermore, the choice of the mortality 
rate does not affect, or hardly affects, the general shape 
of the curves illustrating the evolution of the transition 
probabilities from one class to the next. This, incidental-
ly, is what is expressed by the approximations given in 
« The effect of error on the mortality rate », p. 30. There 
is accordingly a correct identification of the inter-class 
dynamics. 

DISCUSSION 
We have just shown that, with a stable forest, it is pos-
sible to assess the growth dynamics either directly by 
means of the diametric structure, or in a classical man-
ner by observing growth rates over a given period . lt is 
noteworthy that the first approach may give suitable fin-
dings. This is not surpris ing , if one bears in mind that the 

stand distribution, at any given moment, contain infor-
mation about the past as a whole, and hence about the 
growth rate of the forest. A posteriori, this approach is 
possibly more relevant thon a measurement of growth 
rates over a too small period of time, and one thus sub-
ject to random upheavals associated with particular cir-
cumstances (unusual annual climatic conditions, spas-
modic pollution ... ). · 

The probabilistic context has not been made mention of, 
because the aim here has been to make the link between 
the stand distribution and the survival rate, on the one 
hand, and the transition matrix and recruitment on the 
other. A study of the random variations of a system in a 
state of equilibrium, and of the effects of these upheavals 
on the transition matrix is possible. Such a study has 
been undertaken, but is outside the scope of this study. 

For bibliography, see the French version. 

Frequencies over 8 years of measurement and on 18.75 ha. Transition probabilities for death rates of 0.98, 
Pii (1) and 0.99, Pii (2). Transition probabilities by the MML, Pii (3). · 

Diameter 10-15 15-20 20·25 25·30 30·35 classes 

Frequencies 4,602 2,432 1,489 942 622 
P;; (1) 0.9688 0.9614 0.957 4 0.9531 0.9494 
P;; (2) 0.9846 0.9809 0.9789 0.9768 0.9750 
P;; (3) 0.9819 0.9765 0.9733 0.9713 0.9646 

Transition probabilities 

1,0000 

0,9900 

0,9800 
:c 0,9700 

CU -g 0,9600 

à: 0,9500 

0,9400 

35.45 45·55 

816 396 
0.9819 0.9831 
0.9910 0.9916 
0.9841 0.9837 

0,9300 -l----+----+-----!-----+---+------l-----1 
10-15 15-20 20-25 25-30 30-35 35-45 45-55 55-65 

Diameter classes 

Graph of transition probabilities. 
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